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away from that plane10 — an example of
this is the familiar heat shimmer over a hot
road. This effect was used to visualize the
neutron phase shift for a North American
yellow-jacket wasp (genus Vespula) (Fig. 1).
A conventional neutron radiograph (Fig.
1a) is compared with a phase-contrast
image obtained 1.8 m downstream from
the sample using neutrons emanating from
a 0.4-mm-diameter pinhole placed at the
exit of the beam guide (Fig. 1b). The pin-
hole sets the limit to the spatial resolution.
The improved sensitivity of the image arises
from shifts in the neutron phase introduced
by the sample.

To retrieve phase quantitatively using
equation (1), we require the intensity I(rù)
and intensity derivative !I(rù)/!z in the
plane of interest. To obtain this, images were
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Imaging

Phase radiography 
with neutrons

The interaction of neutrons with matter
enables neutron radiography1 to com-
plement X-ray radiography in analys-

ing materials. Here we describe a simple
quantitative method that provides a new
contrast mechanism for neutron radiogra-
phy and allows samples to be imaged at low
radiation doses. Large phase shifts can be
measured accurately from detailed structures
not amenable to conventional techniques.

The complexity of interferometry has
limited studies on neutron phase imaging.
Our non-interferometric phase-measure-
ment technique is appropriate for non-
uniform radiation and returns a unique,
non-wrapped, smooth, continuous quanti-
tative phase map; it implements a theo-
retical study2 and has been used for other
types of radiation, including visible light3,
electrons4, soft5 and hard6 X-rays.

We base our analysis on the paraxial
transport of intensity equation7,8
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where the wave is described by
ÏI(rù)wexp(if(rù)), with intensity I(rù) and
phase f(rù); ?ù and rù are respectively the
gradient operator and position vector in the
plane perpendicular to the longitudinal optic
axis z, l is the wavelength, and !I(rù)/!z is
the longitudinal intensity derivative. 

We used the beam port of the Neutron
Interferometry facility at NIST, operating at
a selectable monochromatic wavelength of
4.43 Å. The divergence of the neutron beam
was limited by a mask to around 6 milli-
radians and neutrons illuminated a sample
at about 1.8 m from the beam-guide exit.
The two-dimensional detector9 was 30%
efficient and combined an in-beam 6Li–ZnS
scintillator, light intensifier and mirror.
The mirror reflected the light out of the
neutron beam and into an optical charge-
coupled device camera. Electronic cen-
troiding of images optimized the spatial
resolution to 60 mm. 

The intensity over a surface is consistent

with any phase distribution. Equation (1)
indicates, however, that the phase does
influence the propagation of the intensity. It
is therefore possible to visualize phase in a
certain plane by allowing a wave to evolve

Figure 1 Neutron phase-contrast imaging of a yellow-jacket wasp. a, Conventional neutron radiograph. b, Phase-contrast image show-

ing greater clarity of finer features such as the antenna (A), legs (B) and projection through the leg and wing (C).

Figure 2 Quantitative neutron phase imaging. a, Experimental scheme, with the lead sinker sample shown in the inset. b, Quantitative

phase map of the Pb sinker showing the hollow core (HC) and fiducial mark artefact (FM). c, Quantitative phase profile AA8 through the

sinker (red) and calculated profile (blue) based on the known shape, scattering length and orientation of the sinker.
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taken in two planes: the first was a contact
image and the second was a phase-contrast
image with the detector 1.8 m from the
object (Fig. 2a). Using the contact image and
the phase-contrast image, we approximate
the intensity by their average, and the inten-
sity derivative by their difference divided by
their separation. We used this approach to
image a sinker made of lead aligned longitu-
dinally with the beam (Fig. 2a, inset). The
measured phase from equation (1) is shown
in Fig. 2b. The phase deformity is an artefact
of a gadolinium fiducial mark; the hollow
core can be clearly seen in the phase image. 

The phase image obtained is, to a good
approximation, described by a convolution
of the perfect image with the intensity dis-
tribution of the effective source. In our
analysis, we used a very conservative esti-
mate of the effective width of the neutron
source to modify the phase-recovery algo-
rithm. A profile of the recovered phase is
plotted in Fig. 2c, together with the predict-
ed phase profile determined from the sam-
ple geometry, scattering length and
orientation, and gives good quantitative
agreement between the two. Note that the
1,400-rad phase excursion of the sample
occurs in a few hundred micrometres (less
than ten pixels). An interferometric experi-
ment would require submicrometre resolu-
tion to measure such a rapid phase
excursion accurately.

This simple and general technique pro-
vides independent quantitative phase and
absorption images of the sample. These
images constitute two-dimensional projec-
tions of the real and imaginary parts of
the neutron refractive-index distribution
through a three-dimensional object. A
number of these projections could be used
to generate a quantitative tomographic
reconstruction. 
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Scaling 

Rivers, blood and
transportation networks

The search for a theory to explain why
the metabolic rate of mammals is pro-
portional to the 3/4-power of body

mass (Kleiber’s law) has recently focused on
the nutrient distribution network formed
by arteries and capillaries. Banavar et al.1

argue that the law follows from the intrinsic
properties of an outward-directed network.
But careful analysis of their arguments
reveals two implicit assumptions that may
not be generally correct. Unless these
assumptions are valid for mammalian cir-
culation, these arguments cannot satisfact-
orily explain Kleiber’s empirical relationship.

In the analysis by Banavar et al.1, there is
a site for nutrient uptake at each network-
branching point, and the distance LX along a
path from the origin O (the heart) to a site X
is defined as the number of uptake sites on
the path. The rate of uptake of nutrients at a
site is a constant FX (assumed to be species-
and size-invariant). A network segment that
goes from a site X to an adjacent site Y is
termed the link XY, and the rate at which
nutrient enters the link is termed the current
and is denoted by IXY. In an outward-direct-
ed network (ODN), the direction of flow is
away from O on each link.

The authors’ fundamental result is that,
in an ODN, C4B<LX>, where C, the total
current in the network, is the sum of cur-
rents on all links, B is the metabolic rate
(sum of uptake rates), and <LX> is the aver-
age distance to sites. The number of uptake
sites is expressed as L3, and the metabolic
rate B is therefore FXL3. Banavar et al. prove
that, if <LX> is proportional to L, if C is
proportional to blood volume Vb, and if Vb

is proportional to body size M, then B is
proportional to M 3/4, which is Kleiber’s law.

Although the assumption that Vb]M is a
reasonable approximation, the assumption
that C]Vb is not, in general, true. Consider
a network formed by (l11)(m11)(n11)
unit cubes stacked to form a rectangle (l11)
units deep by (m11) units wide by (n11)
units high. Each vertex of a cube is an uptake
site and each edge is a network link with con-
stant cross-sectional area. Current is sup-
plied to the bottom rear left corner of the
network and flows forward, rightward and
upward. It follows from induction on n that
the sum of currents in all vertical links is
lmn(n&1)FX/2. Adding the corresponding
expressions for currents flowing rightward
and forward gives lmnFX(l&m&n&3)/2,
the total current C. The blood in the network
is proportional to the number of links,
3lmn1lm1ln1mn. Thus, in this model, in
which the density of uptake sites is invariant,
C is nearly proportional to volume multi-
plied by average linear dimension, metabo-
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lism is proportional to volume, and Vb is
approximately proportional to volume.

The relation between Vb and C depends
on parameters that do not appear in
Banavar et al.’s report1. The volume of
blood in link XY is equal to the cross-sec-
tional area of the link (AXY) multiplied by
the length of the link (sXY), whereas current
IXY is AXY multiplied by flow velocity (fXY).
The volume of blood in a link is therefore
IXYsXY /fXY. The assumption that the sum of
currents equals (or scales as) total blood
volume implies that the average value of sXY

increases as size increases. In arteries, the
flow velocity may increase as size increases,
but flow rates in capillaries are severely con-
strained by their relatively constant cross-
sectional area and pressure. If most uptake
sites are located in capillary networks, the
currents in capillaries comprise most of the
sum C, but the blood in these vessels may
comprise a minority of blood volume.

The assumption that <LX>]L is also not
true in general in an ODN. For example,
consider a network that starts with a single
link and bifurcates at each branch point until
a terminal uptake site is reached at distance
k. The number of uptake sites, L3, is 2k11
and <LX> is [(k11)2k11]/(2k11). There-
fore <LX> is approximately proportional to
the logarithm of L in this type of ODN. 
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The long-standing problem of explaining
metabolic scaling2 in animals, whereby
whole-animal metabolic rate B is observed
to increase as a function of body mass M
approximately as M 3/4, has been recently
revisited by Banavar et al.1 (see also ref. 3, in
which allometric scaling rules are derived
from fractal geometry). These authors1

derive and generalize to non-biological sys-
tems, including river networks, a three-
quarter-power ‘allometric’ scaling rule,
which arises, in their treatment, from an
assumption of the efficiency of the resource
distribution network. Here I present a sim-
ple derivation of 3/4-power scaling based
on the geometric requirements of invento-
rying resources before metabolization,
which does not support the notion of allo-
metric scaling suggested by Banavar et al.1

for rivers, at least not when applied to the
problem of fluvial sediment transport.
Although some distributary systems
‘metabolize’ according to the 3/4-power
rule, this rule is not golden — each system
needs to be investigated on its own merits.

As a resource distribution and process-
ing (metabolizing) system increases in size,
there is a geometric necessity for an incom-
pressible and conserved resource for
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